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Abstract

We study the estimation of the reliability of measurement scales. The subject has
been partially obscured because of poor estimators, such as Cronbach’s alpha, which
is the most widely applied estimator of reliability. We show that a recently proposed
estimator that we are calling Tarkkonen’s rho, provides a general method for the
task. Examining the assumptions behind these estimators we prove that Cronbach’s
alpha is a special case of Tarkkonen’s rho under certain one-dimensional measure-
ment models. In practice, the conditions required for Cronbach’s alpha to be a valid
estimator of reliability are difficult to encounter, whereas Tarkkonen’s rho is well
suited for more general measurement settings. Our conclusion is that Tarkkonen’s
rho is a better alternative for Cronbach’s alpha.
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1 Introduction

Measurement is an essential concept in science, forming the basis of all sta-
tistical research. The uncertainties of measurement are related to validity and
reliability. In general, validity tells whether a measuring instrument measures
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what it is supposed to measure in the context in which it is applied. Obvi-
ously, validity should always be the primary concern, but we should also be
interested in the accuracy of the measurements, that is, the reliability.

The reliability is defined as the ratio of the true variance to the total variance
of the measurement. The true variance does not include the variance of the
random measurement error. These concepts are defined in the test theory of
psychometrics [1]. The concept of reliability originates from Spearman’s [2,3]
early work with factor analysis and measurement errors over hundred years
ago.

In order to have an estimate of the reliability, an estimate of the measurement
error variance is needed. This is the basic problem in the estimation of relia-
bility, and various solutions have been suggested. In some areas, it is typical to
assume that the measurement error variance is known, based on, say, earlier
studies or repeated measurements (see, e.g., [4]). This may work well, e.g., in
technical applications, but may not be plausible in areas such as the social
sciences or the behavioral sciences, where the measurements could be far from
stable.

Another solution has been based on making suitable assumptions to obtain
an estimator in a form that does not include any trace of the assumptions.
Nevertheless, the assumptions are implicitly present, and affect the estimates.
One particular estimator has been known by many names beginning from the
1930s, but since 1951 it has been called Cronbach’s alpha [5]. The original mo-
tivation behind it was to find quick methods for practical needs—long before
the era of computers.

Despite the fact that Cronbach’s alpha underestimates the reliability and may
even give absurd, negative estimates [6–9], it is the most widely applied esti-
mator of reliability. Alternative estimators based on factor analysis have been
suggested [10,11], but they have not succeeded to replace Cronbach’s alpha.
Instead, the research has often focused on examining the properties of Cron-
bach’s alpha without questioning its original assumptions (see a review in [12,
pp. 630–635], or more recent studies, e.g., [13–16]). The motivation of esti-
mating the reliability and using the estimates for assessing the quality of the
measurements has been obscured, because the estimates have been so poor.
Weiss and Davison [12] stated this in 1981: “Somewhere during the three-
quarter century history of classical test theory the real purpose of reliability
estimation seems to have been lost” [12, p. 633].

In this paper, we study the estimation of reliability, discussing its grounds
and purposes. We focus on two estimators: 1) Cronbach’s alpha [5], and 2) a
new estimator proposed recently by Tarkkonen and Vehkalahti [17]. Our claim
is that the new estimator provides a better alternative for Cronbach’s alpha,
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because it is defined for more general circumstances with less assumptions,
and hence it does not suffer from any serious restrictions. To prove our claim,
we compare the estimators and examine their assumptions in detail.

Section 2 reviews the central concepts and presents the details of the estima-
tors. Section 3 compares the estimators and summarizes the results. Section 4
concludes.

2 Estimation of reliability

In this section, we review the concepts behind the reliability and its estimation
to present the details of the estimators under study.

The concept of reliability is defined in the test theory of psychometrics (see
[1, pp. 56–61]). The measurements x are assumed to consist of unobserved
true scores τ and unobserved measurement errors ε as x = τ + ε, where the
expectation E(ε) = 0 and the covariance cov(τ, ε) = 0. It follows that the
variance var(x) = σ2

x = σ2

τ + σ2

ε .

The reliability of x is generally defined as the ratio σ2

τ/σ
2

x, but since

cov(x, τ) = cov(τ + ε, τ) = cov(τ, τ) = var(τ) = σ2

τ ,

it can also be seen as the squared correlation between x and τ :

ρ2

xτ =
[cov(x, τ)]2

var(x) var(τ)
=

(σ2

τ )
2

σ2
xσ

2
τ

=
σ2

τ

σ2
x

.

The notation ρ2

xτ is often used in the literature, because the true score is taken
as a scalar in the test theory of psychometrics. The point in the definition of
the reliability is the ratio of the variances. In order to obtain an estimate of
the reliability, however, either σ2

τ or σ2

ε must be estimated. Various estima-
tors of reliability have been suggested, but we will mainly focus on two of
them: 1) Cronbach’s alpha and 2) a new estimator we are suggesting to be
called Tarkkonen’s rho. Both estimators are based on the above definition of
reliability.

2.1 Cronbach’s alpha

We begin by summarizing the development of Cronbach’s alpha. We find it
useful to provide such a summary, since it helps to understand the assumptions
behind this estimator and its predecessors. For more comprehensive reviews,
see, e.g., [18] or [12].
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2.1.1 Predecessors and assumptions

Cronbach’s alpha is essentially based on the work of Kuder and Richardson
[19] in the 1930s. At that time, the concept of measurement model was not
always explicitly referred to in the literature, but implicitly it was the one-
dimensional factor model originated by Spearman [2] in 1904. The measured
items were usually dichotomous, because the calculations had to be done man-
ually. The primary requirement for an estimator of reliability was simplicity.
These conditions formed the background for the predecessor of Cronbach’s
alpha, the Kuder–Richardson formula 20 , which can be derived as follows.

Let x and y be p-dimensional random vectors with a (2p × 2p) covariance
matrix

cov







x

y





 :=







Σxx Σxy

Σyx Σyy





 ,

where Σxx = Σyy and Σxy = Σyx. Then, denoting symbolically,

Σxx =















σ2

1
· · · ρijσiσj

...
. . .

...

ρijσiσj · · · σ2

p















and Σxy =















ρ11σ
2

1
· · · ρijσiσj

...
. . .

...

ρijσiσj · · · ρppσ
2

p















,

where σ2

i = var(xi), ρij = cor(xi, yj), and ρii denotes the reliability of the
single item xi. Note that

Σxy = Σxx − (Ip − ρ)Σd,

where Ip is an identity matrix of order p, ρ = diag(ρ11, . . . , ρpp), and

Σd = diag(Σ) = diag(σ2

1
, . . . , σ2

p).

To proceed further, it is assumed that [19, pp. 156–157]

(1) the correlations are equal, denoted by ρij = ρxx for all i, j, and that
(2) the standard deviations are equal, i.e., σi = σj = σx for all i, j.

From (1) it follows that also the reliabilities of the items are assumed to be
equal, i.e., ρii = ρxx for all i.

The above assumptions imply that xi and yj are so-called parallel measure-

ments (see [1, p. 48]), that is, x and y have an intraclass correlation structure
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with a covariance matrix

cov







x

y





 = σ2

x







Σ ρxx11′

ρxx11′ Σ





 :=







Σxx Σxy

Σyx Σyy





 ,

where Σ = (1 − ρxx)Ip + ρxx11′ and 1 is the vector of ones.

The parallel measurements can be formulated as a parallel model [2]







xi = τi + εi

yj = τj + εj

with the assumptions cov(εi, εj) = 0 and cov(τi, εi) = cov(τj , εj) = 0. In ad-
dition, it is assumed that var(εi) = var(εj) and that cov(τi, τj) = cov(τi, τi) =
var(τi). Denoting var(x) = var(xi) and var(τ) = var(τi), we obtain

ρxx =
cov(τi + εi, τj + εj)

var(x)
=
σ2

τ

σ2
x

= ρ2

xτ ,

that is, the item reliabilities, the common correlations of the intraclass cor-
relation structure, are in accordance with the definition of the reliability. We
note that the strict assumptions of equal variances of the measurement errors
(and thus equal variances of the items) are not required in the definition of
the reliability, they are merely properties of the parallel model.

Now, consider two measurement scales, the unweighted sums u = 1′x and
v = 1′y. The variance of u is

σ2

u = var(1′x) = 1′Σ1 = p(p− 1)σ2

xρxx + pσ2

x, (2.1)

and the correlation between u and v can be written, using (2.1), as

ρuv = cor(1′x, 1′y) =
1′Σxy1

var(1′x)

=
σ2

x p
2 ρxx

σ2
x p [1 + (p− 1)ρxx]

=
p ρxx

1 + (p− 1)ρxx
, (2.2)

which is known as the Spearman–Brown formula, after Spearman [20] and
Brown [21] in 1910.

Solving ρxx from (2.1) yields

ρxx =
σ2

u − p σ2

x

p(p− 1)σ2
x

, (2.3)
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and substituting it in (2.2) gives

ρuv =
p

p− 1

(

1 − p σ2

x

σ2
u

)

, (2.4)

which is known as the Kuder–Richardson formula 20 or KR-20, where 20 refers
to the number of the formula in the original article [19] in 1937.

The item reliabilities ρxx had been a nuisance with the earlier methods of
reliability estimation. In the derivation of KR-20 (2.4) they were hidden by
algebraic manipulations, because the aim was to provide quick methods for
practical needs. However, it was clear that the figures obtained would be un-
derestimates if the strict assumptions of equal correlations and standard de-
viations were not met [19, p. 159].

2.1.2 Generalization with a shorter name

The principal advantages claimed for KR-20 were ease of calculation, unique-
ness of estimate (compared to so-called split-half methods suggested by Spear-
man [20]), and conservatism. The method was also criticized, because the mag-
nitude of the underestimate was unknown, and even negative values could be
obtained. One of the critics was Cronbach, who in 1943 stated that “while
conservatism has advantages in research, in this case it leads to difficulties”
[22, p. 487] and that “the Kuder–Richardson formula is not desirable as an
all-purpose substitute for the usual techniques” [22, p. 488].

In 1951, Cronbach presented “the more general formula” [5, p. 299]

α =
p

p− 1

(

1 −
∑p

i=1 σ
2

xi

σ2
u

)

, (2.5)

and adviced that we should take it “as given, and make no assumptions re-
garding it” [5, p. 299]. It is easy to see that Cronbach’s alpha (2.5) resembles
KR-20 (2.4): only the term p σ2

x is replaced by
∑p

i=1 σ
2

xi
. This loosens the strict

assumption of the equal variances made in the derivation of KR-20.

Exactly the same formula (2.5) had earlier been derived by Guttman [23],
who showed that the formula will give the true value of the reliability only
if the variances and covariances of the true scores are all equal [23, p. 274].
Novick and Lewis [7] have later named this condition τ -equivalence. The cor-
responding measurement model is more general than the parallel model, since
the variances of the measurement errors (and thus the variances of the items)
need not to be equal. However, the problem is that the variances or the co-
variances of the true scores do not appear at all in Cronbach’s alpha (2.5) or
KR-20 (2.4).
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2.1.3 Some interpretations

Cronbach presented the formula (2.5) without a derivation in order to “pro-
ceed in the opposite direction, examining the properties of alpha and thereby
arriving at an interpretation” [5, p. 299]. One interpretation of Cronbach’s al-
pha is that it tells how uniformly the items contribute to the unweighted sum.
This property, known as the internal consistency of the scale, depends on the
correlations between the scale and the items. We show this briefly below.

Let the scale be the unweighted sum u = 1′x and let xi be a single item of
that scale. The covariance of the scale and the item is

cov(u, xi) = cov(1′x, xi) =
p
∑

j=1

σxjxi
,

and hence the variance of the scale can be expressed as

var(u) = σ2

u =
p
∑

i=1

p
∑

j=1

σxjxi
=

p
∑

i=1

cov(u, xi) = σu

p
∑

i=1

ρuxi
σxi
, (2.6)

where ρuxi
is the correlation between the scale and the item. Using (2.6),

Cronbach’s alpha becomes

α =
p

p− 1

(

1 −
∑p

i=1 σ
2

xi

(
∑p

i=1 ρuxi
σxi

)2

)

, (2.7)

and we can interpret that the internal consistency of the scale is improved,
when the items have high positive correlations with the scale. The term ρuxi

σxi

is called the reliability index (see, e.g., [1]). If the items are standardized, i.e.,
σ2

xi
= 1 for all i, we can rewrite (2.7) simply as

α =
p

p− 1

(

1 − p

(
∑p

i=1 ρuxi
)2

)

, (2.8)

which clearly shows how Cronbach’s alpha is a function of the correlations
between the scale and the items. Denoting

∑p
i=1 ρuxi

by S, we can infer from
(2.8) that −∞ < α ≤ 1, assuming that p > 1. In particular,



























α < 0, if 0 < S <
√
p,

α = 0, if S =
√
p,

0 < α < 1, if
√
p < S < p, and

α = 1, if S = p, i.e., when ρuxi
= 1 for all i.

It is also evident that
lim
S→0

α = −∞,

which corresponds to the case where var(u) = 0.
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Using matrix notation and emphasizing the scale weights in the notation,
Cronbach’s alpha (2.5) can be written in the form

α(1) =
p

p− 1

(

1 − tr(Σ)

1′Σ1

)

,

where tr(·) refers to the trace. Since tr(Σ) = 1′Σd1, it can also be given as

α(1) =
p

p− 1

(

1′(Σ − Σd)1

1′Σ1

)

=
p2σ̄

1′Σ1
,

where σ̄ is the average item covariance (see, e.g., [24,9])

σ̄ =
1′(Σ − Σd)1

p(p− 1)
.

Also this result is even simpler if the items are standardized [8, p. 19]. Let us

denote the correlation matrix of the items by R = Σ
−1/2

d ΣΣ
−1/2

d . Obviously,
Rd = diag(R) = Ip and 1′Rd1 = tr(R) = p. Now,

α(1) =
p

p− 1

(

1′(R − Rd)1

1′R1

)

=
pρ̄

1 + (p− 1)ρ̄
,

i.e., when the items are standardized, Cronbach’s alpha is equal to the Spearman–
Brown formula (2.2), where the unknown item reliability ρxx is estimated by
the average item correlation

ρ̄ =
1′(R − Rd)1

p(p− 1)
=

1′R1 − p

p(p− 1)
.

2.1.4 Generalization of the scale

The unweighted sum was often found too limited for practical needs, which
motivated a generalization in a form u = a′x, where a ∈ R

p. The reliability
of a weighted sum was considered by Mosier [24], who proposed the formula

ruu =
a′R∗a

a′Ra
, (2.9)

where R is the correlation matrix of the items and R∗ is the same matrix with
the item reliabilities ρii on the diagonal, i.e., diag(R∗) = diag(ρ11, . . . , ρpp).
Despite the estimation problems caused by the item reliabilities, the formula
(2.9) has been useful, e.g., in finding a scale that maximizes the reliability.

Also Cronbach’s alpha has been generalized for the weighted scale in the form

α(a) =
p

p− 1

(

1 − a′Σda

a′Σa

)

,
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but of course, replacing the unit weights by arbitrary weights easily violates
the original assumptions and may lead to doubtful results. Nevertheless, the
weighted form of Cronbach’s alpha has been extensively applied in practice
and also employed in procedures that involve maximizing the reliability (see,
e.g., [25–27,8,9]). One example is alpha factor analysis [26], which has been
criticized because of its paradoxical results [28].

2.2 Tarkkonen’s rho

Recently, a new estimator of reliability has been proposed by Tarkkonen and
Vehkalahti [17] as a part of their measurement framework. Since the estimator
appears in the form (2.13) already in Tarkkonen’s PhD thesis [29], we suggest
the estimator to be called Tarkkonen’s rho. In the following, we review the
key concepts behind this estimator.

2.2.1 Measurement model

Let x = (x1, . . . , xp)
′ measure a k-dimensional (k < p) true score τ =

(τ1, . . . , τk)
′ with a random measurement error ε = (ε1, . . . , εp)

′. It is assumed
that E(ε) = 0 and cov(τ , ε) = 0. The measurement model is [17, p. 176]

x = µ + Bτ + ε,

where µ is the expectation of x and B ∈ R
p×k specifies the relationship

between x and τ . Denoting cov(τ ) = Φ and cov(ε) = Ψ , it follows that

cov(x) = Σ = cov(Bτ ) + cov(ε) = BΦB′ + Ψ .

It is assumed that B has full column rank, and that Σ and Φ are positive
definite [17, p. 176]. We may use the triplet M = {x,Bτ ,BΦB′ + Ψ} to
denote the measurement model shortly.

2.2.2 Measurement scale

The variables x are used in further analyses by creating measurement scales
u = (u1, . . . , um)′ as linear combinations u = A′x, where A ∈ R

p×m is the
weight matrix. There are various criteria for choosing the weights [17, pp. 177–
178], but generally it is assumed that A has full column rank and B′ai 6= 0, i =
1, . . . , m, where ai is the ith column vector of A.

Essential for the estimation of reliability is the decomposition [17, p. 177]

cov(u) = A′ΣA = A′BΦB′A + A′ΨA, (2.10)
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where the total variation of u is split in two parts: 1) the variation generated
by the true scores, and 2) the variation generated by the measurement errors.

2.2.3 Reliability

The variances of the measurement scales are decomposed similarly, by ex-
tracting the diagonals of the matrices in (2.10). Hence we have a diagonal
matrix

(A′ΣA)d = diag(A′ΣA) = (A′BΦB′A)d + (A′ΨA)d, (2.11)

and Tarkkonen’s rho is obtained, according to the definition of reliability, by
dividing the variance expressions in (2.11) by another. In the general case of
m scales, Tarkkonen’s rho is a diagonal m×m matrix [17, p. 179]

ρu = (A′BΦB′A)d × [(A′ΣA)d]
−1, (2.12)

while in the case of one scale u = a′x it becomes

ρuu =
var(a′Bτ )

var(a′x)
=

a′BΦB′a

a′Σa
. (2.13)

The formulas (2.12) and (2.13) can be given in other forms, where the matrix
Ψ is explicitly present [17, p. 179]. It is often assumed that the measurement
errors are uncorrelated, i.e., that Ψ is diagonal. We may use the notation Ψd

to emphasize that Ψ is a diagonal matrix.

2.3 Other estimators

Other reliability estimators based on multidimensional measurement models
have been suggested in the 1970s, but they have not replaced Cronbach’s
alpha. In the following, we briefly display two estimators, namely Rcc [11] and
Ω [10], in order to show how they are related to Tarkkonen’s rho.

Werts, Rock, Linn, and Jöreskog [11] consider the true score model x = τ +ε,
where x, τ , and ε are random vectors of order p with the assumptions E(τ ) =
E(x), E(ε) = 0, and cov(τ , ε) = 0. In addition, τ is assumed to have an
underlying factor model

τ = Λf + η,

where Λ ∈ R
p×k is the matrix of the factor loadings on k common factors f ,

and η is the vector of the specific factors with E(η) = 0. It is assumed that
cov(f ) = Φ, cov(η) = Θd = diag(θ2

1
, . . . , θ2

p), cov(ε) = Ψ d = diag(ψ2

1
, . . . , ψ2

p),
and cov(f ,η) = 0. Hence,

cov(x) = Σ = ΛΦΛ′ + Θd + Ψ d,
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and the reliability estimator for the scale a′x is [11, p. 934]

Rcc =
a′(Σ − Ψ d)a

a′Σa
=

a′ΛΦΛ′a + a′Θda

a′Σa
.

Heise and Bohrnstedt [10] do no explicitly refer to the true score model and
the factor model. However, their path-analytic approach [10, pp. 106–114]
eventually leads to the context of the factor model, where the covariance
matrix of the items is written, using the notation introduced above, in the
form

Σ = ΛΦΛ′ + U d,

where U d = Θd + Ψd represents the unique variance, the sum of the specific
variance and the measurement error variance. The reliability estimator for the
scale a′x is [10, p. 115]

Ω =
a′(Σ − U d)a

a′Σa
=

a′ΛΦΛ′a

a′Σa
.

The main problem in Rcc and Ω is that in the factor model it is difficult
to distinguish between the specific factors and the measurement errors [30,
pp. 570–571]. If we assume that there is no item specific variance, i.e., assume
that Θd = 0, then Rcc and Ω correspond to Tarkkonen’s rho in the case of
one scale. However, Rcc and Ω lack generality in respect of the definitions of
the measurement model and the measurement scale.

3 Relations between Cronbach’s alpha and Tarkkonen’s rho

In this section we examine the relations between Cronbach’s alpha and Tarkko-
nen’s rho. We begin from the classical measurement scale, the unweighted sum,
and then proceed to the weighted sum. We find it instructive to go through
the unweighted sum first, although the results will follow immediately as spe-
cial cases of the weighted sum. In each case, we prove that Tarkkonen’s rho is
the general method of estimating the reliability of a measurement scale, while
Cronbach’s alpha is its special case under certain, restricted conditions.

The results concerning Cronbach’s alpha or KR-20 have been found in some
form by numerous authors, see, e.g., [24,31,23,25] or [26,7,27,28,8,9]. Our aim
is to collect these results together and present them with Tarkkonen’s rho,
using an up-to-date notation and style.
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3.1 Case of the unweighted sum

In this subsection, we will refer to Cronbach’s alpha and Tarkkonen’s rho by

α(1) =
p

p− 1

(

1 − tr(Σ)

1′Σ1

)

and ρuu(1) =
var(1′Bτ )

var(1′x)
=

1′BΦB′1

1′Σ1
.

We begin with the following theorem:

Theorem 1 Let V be a symmetric nonnegative definite p× p matrix. Then

1′V 1 ≥ p

p− 1
[1′V 1 − tr(V )], (3.1)

i.e. (assuming 1′V 1 6= 0),

1 ≥ p

p− 1

(

1 − tr(V )

1′V 1

)

.

The equality in (3.1) is obtained if and only if V = δ211′ for some δ ∈ R.

PROOF. Let us rewrite (3.1) as

(p− 1)1′V 1 ≥ p1′V 1 − p tr(V ),

that is,
1′V 1

1′1
≤ tr(V ) = λ1 + λ2 + · · ·+ λp, (3.2)

where λ1 ≥ λ2 ≥ · · · ≥ λp ≥ 0 are the eigenvalues of V ; we will denote
λi = chi(V ). Since

max
z6=0

z′V z

z′z
= λ1 = ch1(V ),

the inequality (3.2) indeed holds. The equality in (3.2) means that

λ1 ≥
1′V 1

1′1
= λ1 + λ2 + · · ·+ λp,

which holds if and only if λ2 = · · · = λp = 0 and vector 1 is the eigenvector
of V with respect to λ1, i.e., V is of the form V = λ111′. 2

Puntanen and Styan [32, pp. 137–138] have proved Theorem 1 using orthogonal
projectors. Another proof of Theorem 1 appears in [33, Lemma 4.1].

Theorem 1 implies immediately that

1 ≥ α(1) =
p

p− 1

(

1 − tr(Σ)

1′Σ1

)

(3.3)
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for any p× p nonnegative definite matrix Σ (for which 1′Σ1 6= 0), and that
the equality is obtained in (3.3) if and only if Σ = δ211′ for some δ ∈ R.

Theorem 2 Consider the measurement model M = {x,Bτ ,BΦB′ + Ψ d}.
Then

ρuu(1) ≥ α(1),

where the equality is obtained if and only if BΦB′ = δ211′ for some δ ∈ R,

i.e., Σ = δ211′ + Ψ d, where Ψ d = diag(ψ2

1
, . . . , ψ2

p).

PROOF. To prove that ρuu(1) ≥ α(1), we have to show that

1′BΦB′1

1′Σ1
≥ p

p− 1

(

1′Σ1 − tr(Σ)

1′Σ1

)

. (3.4)

Since Ψ d is a diagonal matrix, we have

1′Σ1 − tr(Σ) = 1′(BΦB′ + Ψ d)1 − tr(BΦB′ + Ψd)

= 1′BΦB′1 + 1′Ψ d1 − tr(BΦB′) − tr(Ψd)

= 1′BΦB′1 − tr(BΦB′),

and hence (3.4) is equivalent to

1′BΦB′1 ≥ p

p− 1
[1′BΦB′1 − tr(BΦB′)]. (3.5)

In view of Theorem 1, (3.5) holds for every B (and every nonnegative definite
Φ) and the equality is obtained if and only if BΦB′ = δ211′ for some δ ∈
R. 2

From Theorems 1 and 2 we can conclude that

α(1) ≤ ρuu(1) ≤ 1.

The assumptions of Tarkkonen’s rho ensure that ρuu(1) > 0. However, α(1)
may tend negative, because the original assumptions made in the derivation
of KR-20 (2.4) and mostly inherited in α(1) are easily violated.

3.2 Case of the weighted sum

In this subsection, we will refer to Cronbach’s alpha and Tarkkonen’s rho by

α(a) =
p

p− 1

(

1 − a′Σda

a′Σa

)

and ρuu(a) =
a′BΦB′a

a′Σa
.
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Before proceeding onwards, we prove the following theorem:

Theorem 3 Let V be a symmetric nonnegative definite p × p matrix with

V d = diag(V ) being positive definite. Then

max
a6=0

a′V a

a′V da
= ch1(V

−1/2

d V V
−1/2

d ) = ch1(RV ), (3.6)

where RV = V
−1/2

d V V
−1/2

d , i.e., RV can be considered as a correlation matrix.

Moreover,
a′V a

a′V da
≤ p for all a ∈ R

p, (3.7)

where the equality is obtained if and only if V = δ2qq′ for some δ ∈ R and

some q = (q1, . . . , qp)
′, and a is a multiple of ã = (1/q1, . . . , 1/qp)

′.

PROOF. We first note that

max
a6=0

a′V a

a′V da
= max

a6=0

a′V
1/2

d V
−1/2

d V V
−1/2

d V
1/2

d a

a′V
1/2

d V
1/2

d a

= max
z6=0

z′V
−1/2

d V V
−1/2

d z

z′z

= ch1(V
−1/2

d V V
−1/2

d )

= ch1(RV ) := µ1.

It is obvious that the largest eigenvalue µ1 of a p × p correlation matrix RV

is ≤ p and clearly µ1 = p if and only if RV = 11′, i.e., V must be of the form
V = δ2qq′ for some δ ∈ R and q = (q1, . . . , qp)

′ ∈ R
p. It is easy to conclude

that if V = δ2qq′, then the equality in (3.7) is obtained if and only if a is a

multiple of ã = V
−1/2

d 1 = 1

δ
(1/q1, . . . , 1/qp)

′. 2

Note that the maximum in (3.6) is obtained if and only if a is a multiple of

ã = V
−1/2

d t1, where t1 is the eigenvector of RV with respect to the largest
eigenvalue µ1. In other words, ã is a solution to the equation

V a = µ1V da,

while t1 satisfies
RV t1 = µ1t1.

Clearly, when RV = 11′, the vector t1 is a multiple of 1.

Theorem 4 Using the notation above,

α(a) =
p

p− 1

(

1 − a′Σda

a′Σa

)

≤ p

p− 1

(

1 − 1

ch1(RΣ)

)

for all a ∈ R
p.
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Moreover,

α(a) ≤ 1 for all a ∈ R
p. (3.8)

The equality in (3.8) is obtained if and only if Σ = δ2qq′ for some δ ∈ R and

some q = (q1, . . . , qp)
′, and a is a multiple of ã = (1/q1, . . . , 1/qp)

′.

PROOF. The proof comes at once from Theorem 3. 2

Theorem 5 Consider the measurement model M = {x,Bτ ,BΦB′ + Ψ d}.
Then,

α(a) ≤ ρuu(a) for all a ∈ R
p,

and the equality is obtained if and only if BΦB′ = δ2qq′ for some δ ∈ R

and some q = (q1, . . . , qp)
′, i.e., Σ = δ2qq′ + Ψ d, and a is a multiple of

ã = (1/q1, . . . , 1/qp)
′.

PROOF. Our claim is

p

p− 1

(

1 − a′Σda

a′Σa

)

≤ a′BΦB′a

a′Σa
,

i.e.,
p

p− 1
(a′Σa − a′Σda) ≤ a′BΦB′a. (3.9)

Substituting Σ = BΦB′ + Ψd (3.9) becomes

p[a′BΦB′a + a′Ψ da − a′(BΦB′)da − a′Ψda] ≤ (p− 1)a′BΦB′a,

which simplifies into the form

a′BΦB′a

a′(BΦB′)da
≤ p.

The proof is now completed using Theorem 3. 2

From Theorems 4 and 5 we can conclude that

α(a) ≤ ρuu(a) ≤ 1 for all a ∈ R
p.

The assumptions of Tarkkonen’s rho ensure again that ρuu(a) > 0, but sim-
ilarly α(a) may tend negative. An additional reason is the introduction of
the weights, since the basis of α(a), the original formula of KR-20 (2.4), was
derived only for an unweighted sum.
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4 Discussion and conclusions

Since the 1950s, Cronbach’s alpha has become a routine, often referred to as “a
popular method to measure reliability” [16], although there have been obvious
problems caused by the strict assumptions inherited from its predecessors. In
practical use of Cronbach’s alpha, violation of the assumptions is unavoidable,
and it leads to the well-known result of underestimation [7–9]. If reliability is
underestimated, biased conclusions are made about the measurement, and any
inference based on the reliability estimates, such as correction for attenuation
[20], will also be biased or even useless [23, p. 276].

It is important for a measurement scale to have a high reliability, because the
further analyses will then be based mainly on the true variation instead of
random measurement errors. Of course, the question of validity should still be
the primary concern. Unfortunately, the strict assumptions behind Cronbach’s
alpha have lead in the opposite direction: maximizing the reliability of the scale
by discarding any “unsuitable” items. The applied criterion is the internal
consistency, which requires all items to be equally good indicators of the trait
under study. Some statistical program packages even support this procedure by
reporting alpha if item deleted statistics. Combined with the underestimation
problems of Cronbach’s alpha, it is clear that this approach has unfavourable
consequences.

In the 1930s, the fundamentals of the multiple factor analysis were estab-
lished by Thurstone [34], and the researchers became more conscious of the
multidimensionality of the psychological tests. It was noticed that the internal
consistency, which was inherited from Spearman’s one-factor theory [2,3] and
implied by the method known as item analysis, was not a sufficient criterion for
creating reliable tests [35–38]. Most empirical problems are multidimensional,
and it is difficult to develop items that measure only one dimension. Indeed,
the most striking problem of Cronbach’s alpha is its built-in assumption of
one-dimensionality. Using the notation established in the previous section, we
can summarize three variants of the one-dimensional model that has domi-
nated the test theory of psychometrics:

M1 = {x, 1τ, ϕ211′ + ψ2Ip}, where ϕ2 = var(τ) and ψ2 = var(ε),

M2 = {x, 1τ, ϕ211′ + Ψd}, and

M3 = {x, bτ, ϕ2bb′ + Ψ d}, where b ∈ R
p.

In the literature, M1 is known as the parallel model [2], M2 is known as
the τ -equivalent model [7], and M3 is known as the congeneric model [39].
Obviously, the models are special cases of M = {x,Bτ ,BΦB′ + Ψ}, the
general, multidimensional measurement model [17].

According to Theorem 2, Cronbach’s alpha is a valid estimator of reliability
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under M1 and M2, when the scale is the unweighted sum. In contrast, under
M3 this holds only in the rare case where the scale weights are inverses of
the model weights, as Theorem 5 shows. In practice, this would reduce M3

to M2 thus “standardizing” the effect of the true score. However, fine-tuning
the assumptions of the models M1, M2, and M3 does not enhance the basic
problem of one-dimensionality.

Generalizations of the one-dimensional model has been considered either by
working with the factor model [10], or by combining it with the true score
model [11]. The general measurement model M can also be seen as a combi-
nation of the true score model and the factor model. However, instead of the
classical one-to-one correspondence between the observed items and the true
scores, the common factors are directly associated with the true scores. The
specific factors are interpreted either as measurement errors or as true scores,
depending on the identification [17, pp. 176–177]. The measurement model is
needed to specify the multidimensional structure of the measurement, but it
must be stressed that the reliability is a property of the measurement scale.
The reliability of the true scores (or the factors) is clearly undefined, although
the phrase “reliability of the factor” seems to appear quite commonly in the
literature.

In the measurement framework of Tarkkonen and Vehkalahti [17] the mea-
surement scale is defined in broad terms, connecting the framework with the
methods of multivariate statistical analysis [17, p. 173]. A general aim of these
methods is to create various, possibly multidimensional scales, e.g., discrim-
inant functions, canonical variates, or factor scores. The reliability of such
scales can be estimated by Tarkkonen’s rho without violating any assumptions.
Our conclusion is that Tarkkonen’s rho is a better alternative for Cronbach’s
alpha for the estimation of reliability.

Finally we note that throughout this paper we have been working with the
population values, examining the methods of estimation of the “true reliabil-
ity”. Another question of estimation emerges when the population matrices
are replaced by their sample estimators. Apparently, this will be a subject of
a further study.
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